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Abstract 


Field  quantization  is  applied  to  an  electrical  oscillating 
circuit.  Damping  effects  are  treated  by  perturbation  theory <»  Quantum 
effects  occur  both  in  the  damping  and  in  the  noise,  and  are  discussed 
in  detail.  An  interpretation  i3  given  of  the  infinite  zero  point 
contribution  which  appears  in  the  theory  of  Callen  and  Wei ton.  The 
average  electromagnetic  field  energy  of  an  oscillator  with  capacitance 
C,  conductance  G,  and  natural  frequency  co,  as  a function  of  time  is 
given  by 
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The  mean  squared  noise  voltage  which  would  be  measured  in  an  experiment 
with  a damped  oscillator  is  given,  by 
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The  maximum  noise  power  which  a conductance  G at  temperature  T can 
transfer  to  a damped  oscillator  approaches  the  value 

Ofuo  

C £ exp  (-ftco/kT ) -1  J 

These  results  are  extended  to  include  interaction  of  the  circuit 
with  radiation  fields. 

The  vacuum  fluctuations  are  shown  to  be  observable  in  electro- 
motive force  measurements  and  in  electron  stream  noise. 


Introduction 


During  the  pest  quarter  of  s century  a number  of  theoreticians 
a eve  tir.rned  their  attention  to  the  problem  of  constructing  a satis- 
factory quantum  theory  of  the  electromagnetic  field-.  The  problem  is 
a very  difficult  one,  because  it  3 a intimately  tied  up  with  the 
structure  of  the  elementary  particles,  about  which  almost  nothing  is 
known*  For  a large  number  of  calculations  the  theory  gave  infinite 
results*  For  a long  time  it  was  not  understood  whether  the  infinite 
result  3 were  a consequence  of  faults  in  the  theory  or  a.  lack  of 
knowledge  of  the  elementary  particles 0 Further  difficulty  lay  in  the 
scarcity  of  experimental  data  on  the  order  of  magnitude  of  some  of 
the  effects  for  which  calculations  gave  infinite  results* 

One  of  the  effects  for  which  calculations  gave  an  infinite 
result  was  the  shift  of  the  energy  levels  of  an  electron  in  a 
hydrogen  atom  due  to  interaction  with  the  radiation  fields*  This 
shift  was  measured  with  precision  in  1947  * Be  the  and  I’Teis'sko  p?~H¥ve 
shown  that  the  theory  correctly  predicted  the  magnitude  of  the  shift 
if  we  handle  the  interaction  of  the  electron  with  the  radiation  field 
in  the  following  way*  ' The  infinite  result  for  the  "bound  electron  in 
a hydrogen  atom  is  compared  with  the  infinite  result  for  a free 
electron*  The  difference  doe 3 not  diverge  and  predicts  closely  the 
correct  value  for  the  energy  level  shift*  Subsequently,  T*  A*  ’.Valton 
showed  that  the  3hift  could  be  calculated  if  we  assume  that  each  mode 
of  the  electromagnetic  field  has  aero  point  fluctuations  corresponding 
to  a zero  point  energy  1/2  £ii>*  We  then  calculate  classically  the 
interaction  of  the  electron  with  the  field  fluctuations* 


Ascribing  a zero  point  energy  l/k  'fux>  to  each  mooe  of  the  electro- 
magnetic field  leads  to  an  infinite  zero  point  energy  for  the  vacuum^ 
It  can  bo  shown,  however,  that  the  zero  point  fluctuations  of  the 
fields  are  entirely  independent  of  the  choice  of  zerc  point  energy. 
They  are.,  rather , a consequence  of  field  quantization  and  are  due  to 
the  random  interactions  between  the  vacuum  and  the  apparatus  for 
measuring  the  fields ■.  The  zero  point  field  fluctuations  have  been 
shown  to  produce  observable  effects  on  the  energy  levels  of  atomic 
hydrogen*  The  question  considered  in  this  Investigation  is  whether 
these  fluctuations  also  give  rise  to  observable  effects  in  electric 
circuits  and  in  electron  stream  noise.  If  these  fluctuations  do  in 
fact  have  observable  effects  in  electric  circuits,  then  they  set  an 
ultimate  limit  to- the  precision  of  ordinary  electrical  measurements 
-and— to “■th'e-ngtWtsiti Tl- 1 y pT  *61&c€H)hJ-g  a c-v i ces^^genpr ale  This  is  a 
limit  which  would  be  approached  as  the  quantity  becomes  large 
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(i.e.  low  temperature  or  high  frequency).  _ 

To  investigate  this  point,  the  simplest  circuit  and  electron 
beam  problems  s.i-e  investigated  here,  using  the  quantum  theory  of 
fields  and  the  quantum  statistics. 


Section  I 


L 

fb 

Quantum  Theory  of  a Damped  Electrical  Oscillator  and  Noise 

Virtually  all  of  the  phenomena  occurring  in  electric  circuits 
are  described  classically  in  a satisfactory  way  by  Maxwell's  equations 
Application  of  classical  statistics  has  led  to  a satisfactory  under- 
standing of  most  electrical  fluctuation  phenomena,,  The  classical 
description  i3  usually  adequate  because  ordinary  measurements  are 
made  at  room  temperature  with  circuit  currents  exceeding  noise  currents,. 
If  measurements  were  made  at  low  temperatures,  with  smaller  currents, 
the  quantum  effects  would  be  significant.  No  experiments  have  been 
carried  out  under  such  conditions.  The  present  paper  is  an  effort  to 
provide  some  basic  work  for  a general  quantum  theory  of  circuits  and 
noise. 

1 

Recently  Callen  and  Welton  presented  an  elegant  quantum  theory 
of  noise.  Their  results  showed  as  one  of  the  quantum  effects  an 
infinite  zero-point  noise  contribution  for  a pure  resistance.  The 
theory  to^be  presented  here  gives  insight  into  the  origin  of  the 
infinite  zero-point  contribution  and  predicts  finite  quantum  effects 
in  certain  experiments. 

An  Oscillating  Circuit  With  No  Dissipation 
v/e  consider  first  an  electrical  oscillator  which  we  imagine  made 
up  of  perfect  conductors  v/lth  no  radiation.  One  Is  temnted  to  treat 
such  a system  as  Pig.  1 as  an  ensemble  of  particles  and  to  discuss  its 
behavior  in  terms  of  charges  and  currents.  This  procedure  leads  to 
difficulties  because  with  perfect  conductors  there  are  no  tangential 


**  This  section  was  published  as  it  stands  in  the  Physical  Review 
Volume  90,  5,  977,  June  1,  1953. 


electric  fields  near  tne  conductors  . 


In  order  to  allow  currents  to 


change  without  electric  fields,  charged  particles  without  mass  or  an 
infinite  number  of  carriers  with  mass  would  be  required-  To  avoid 
these  difficulties  ive  cnoose  to  discuss  the  fields.  The  energy  is 
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where  E and  TT  are  the  electric  and  magnetic  fields,  and  the  integral 
is  throughout  apace.  ”:e  represent  the  magnetic  vector  potential-  as 
the  product  of  a time-dependent  and  3nace-dependent  part  q(t)A(r)-  In 
terms  of  the  vector  potential, 

TT  = - (l/c)qA,  H * x T (2) 


Fig-  1-  Electrical  oscillator 
with  no  dissipation t 


From  (2)  we  get,  using  Maxwell's  equations, 

(3) 

The  fields  are  entirely  outside  of  the  per?e;*ly  conducting 
boundaries,  and  the  most  genera) c solution  of  Maxwell's  equations  can 
be  expressed  in  terms  of  potentials  such  that  the  divergence  of  ?’  is 
zero,  and  the  scalar  potential  is  also  zero-.  If  q oscillates  har 
monicallv  with  time,  with  angular  frequency  o,  (3>  becomes 

\7  2a~  * («?AA2)  « 0 (1|) 
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2,.  Lo  I.  Schiff,  Quantum  Mechanics 


f McGraw-Hill  Book  Co. 
York,  19495,  p'  26p 
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v;e  normalize  A so  that 
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We  introduce  a variable  p canonically  conjugate  to  q by  letting  p 
from  (2),  E * — (l/c)pA.  The  total  energy  in  the  electric  field 
become  s 
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The  magnetic  energy  is 


(V  x7C)2dr 
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Substitution  of  (2)  into  the  first  term  on  the  right  side  of  (6) 
reduces  it  to 

E x H • dJ, 
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where  the  surface  integral  is  over  a closed  surface  surrounding  the 
circuit*  Prom  Poyntingfs  theorem  this  term  is  proportional  to  the 
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radiated  power  which  is  postulated  to  be  zero*  Equation  (6)  becomes 


The  Hamiltonian  (1)  is  now 


(7) 
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2 


(8) 
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Our  variables  p and  q must  be  noncommutable  operators;  otherwise 

3 

it  would  be  possible  to  measure  in  the  same  region  simultaneously 
the  electric  field  and  the  magnetic  field  with  arbitrarily  great 
precision.  We  therefore  adopt  the  commutation  rule: 

pq  - qp  b . (9) 


Expressions  (8)  and  (9)  make  the  problem  of  the  undamped  electrical 
oscillator  formally  identical  with  the  harmonic  oscillator „ The  wave 
functions  for  q are  the  well-known  harmonic  oscillator  wave  functions » 
The  allowed  values  for  the  energy  are  U - (n  + ^ ) -ita. 


Harmonic  Oscillator  With  Dissipation 

We  represent  a damped  oscillator  by  an  oscillator  of  the  type 
discussed  above,  coupled  to  a resistence,  as  shown  in  Pig.  2«  We 


follow  the  general  method  of  Callen  and  Welton, 
be  written  as 

H - |(p2  + w2q2)+  Hr  * Q J'  E • dX 


The  Hamiltonian  can 


(10) 


Here  HR  is  the  Hamiltonian  of  the  ensemble  of  particles  making  up  the 
resistance;  Q is  a function  of  the  coordinates  and  momenta  of  the 
particles  of  the  resistance,  and  the  line  integral  is  over  the  length 
of  the  resistance.  In  terms  of  the  capacity  C we  can  write 


Making  use  of  (11)  the  Hamiltonian  becomes 


3»  W.  Heisenberg,  Physical  Principles  of  the  Quantum  Theory 

(Dover  Publications,  New  York,  1950),  p.  50, 


8 


H * 


1 

?. 


(p‘ 


c ;^q<'  ) 


> + ( T -' ! / n/  r ) c 


(12) 


v.e  treat  the  Last  term  as  an  interaction  term  which  will  cause  trans- 
itions with  exchange  of  energy  between  the  LC  circuit  and  the  resist- 
ance.. ,r.e  assu  me  that  the  oscillator  is  weakly  damped;  if  we  use  first 
o^der  perturbation  theory,  the  transition  probability  can  be  shown  to 
be : 

W„ = f [pO=>M<e;i  Q i Egtw) 

X<Er|Q|Er-twj(E^|EFtto>i:  j {uj 

The  symbol  ^ER  jQ  |Fpj  + liiu/  Indicates  the  matrix  element  of  the. 
operator  corresponding  to  0 between  the  quantum  states  of  the  resist" 
ance  with  eigenvalues  Ep  and  Ep  + 'ftw*  ^Ep  J p/a/c  | Ep  - has  the 

corresponding  meaning  for  the  quantum  states  of  the-  f-ield~-^°(^T  + ^*co) 
is  the  density  in  energy  of  the  quantum  states  of  the  resistance  in 
the  vicinity  cf  the  energy  Ep  fiu>°  Expression  (13)  gives  the  total 
transition  probability  from  an  eigenstate  of  the  unperturbed  system  in 
which  the  field  has  the  eigenvalue  Ep*  and  the  resistance  has  the 
eigenvalue  Ep.  V.'e  may  assume  that  initially  the  circuit  is  in  an 
eigenstate  (before  being  coupled  to  the  resistance) , There  will  never 
be  enough  information  about  the  resistance  to  say  that  it  is  in  an 
eigenstate*  but  its  state  will  be  partially  specified  in  that  its 
temperature  will  be  known..  It  is  therefore  necessary  to  average  (13) 
over  an  ensemb  e of  similax*  systems*  the  result  is 
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Consider  f(E)  the  statistical  weighting  factor,  and  f(E  +'ficl))/f(F)  = 
exp  - (-fito/kT)  ••  The  second  integral  has  dfico  as  a lower  limit  because 
energy  is  conserved  in  these  transitions,  and  no  resistance  in  the 
ensemble  can  undergo  transitions  which  reduce  its  energy  if  its  energy 

is  less  than  Hu>„  v.’e  introduce  the  quantity 

r-  co 

S = f I (° ^4  f <«> 

' o 

By  making  a change  of  variable  in  the  second  integral  of  (li*)  and 
making  use  of  (15)  we  can  put  (li|)  into  the  form: 

w;r  - S | <Ep  | p/Vc  j Bp  - 'hu'f  + ^P|p//C|Ep  + 'fiw^exp  - (tfcoAT)J,  (16) 

The  first  term  of  (l6)  is  the  probability  per  unit  tine  that  the 
circuit  and  fields  will  lose  a quantum,  and  the  second  term  is  the 
probability  per  unit  time  that  the  circuit  and  fields  will  gain  a 
quantum-  The  net  probability  that  a quantum  will  be  lost  will  be  the 
difference  of  the  two  terms  •>  The  average  rate  of  change  of  energy  of 
a circuit  in  the  ensemble  will  be 
dir/dt  **  Sfuoj^Kp  j p/o/c  | Ep  + exp  - Ffuo/kT) 

"<nF  j p//c  j Ep  - 1 \i*y?  J,  (17) 


If  we  insert  the  well-known  harmonic  oscillator  matrix  elements 


into  (17)  the  result  is 

dt  * ~ T (n  + l)exp  - (fuoAT)  - nj  , (18) 


where  n i3  the  quantum  number  of  the  circuit*  Equation  (18)  states 
that  the  circuit  may  either  gain  or  lose  energy,  depending  upon  n<>  It 
is  interesting  that  the  equilibrium  value  of  n for  which  (18)  is  z ero 
is 


n « l/£  exp(hu>/kT)  - lj 


The  principal  quantum  effects  are  evident  in  (18);  classically  the 
rate  of  energy  loss  would  be  proportional  to  the  energy  at  time  to 
This  is  only  true  in  (18)  if  n is  large. 

If  the  relation  for  the  energy,  II  « (n  + i yt So,  is  inserted  into 
(18)  and  the  resulting  equation  integrated,  f we  obtain 
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In  Eq.  (19) » U Is  the  average  energy  of  a circuit  in  the  ensemble  as 
a function  of  time  and  the  Initial  energy  UqJ  C is  the  capacity,  and 
S Is  defined  by  (l£)o  For  large  energy  (classical  limit)  the  second 
term  Is  the  only  significant  one.  Comparing  this  with  the  known  classlca 
solution  U*  UQe*’Rt//^,  where  G Is  the  conductance,  we  obtain: 


■f"  The  procedure  of  this  section  Is  based  on  the  discussion  of  E.C. 
Kemble,  The  Fundamental  Principles  of  Quantum  Mechanics  (McGraw-Hill 
Book  Co,,  Inc,,  New  York,  1937),  Chapter  12, 
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damping  effects  which  the  resistance  has  upon  the  oscillating  circuit® 
The  noise  is  seen  to  play  a role  in  the  damping  process®  To  show  this 
let  us  imagine  that  the  resistance  is  removed,  and  that  it  5s  replaced 
by  a "current  generator"  which  has  an  infinite  internal  impedance® 

It  may  readily  be  shown  by  comparison  with  the  classical 
differential  equations  that  the  Hamiltonian  of  the  system  Of  Pig®  3 is 

H =*  ” (p2  + w2q2>-  (qi/Vc)  sin  (w  t).  (21) 


It  Is  well  known  that  an  interaction  term  of  the  form  of  the 
last  term  of  (21)  will  not  give  a transition  probability  proportional 
to  time®  To  obtain  transitions  equivalent  to  those  of  the  resistance 
we  need  a current  generator  with  a continuous  spectrum  In  the  vicinity 
of  to®  Under  these  conditions  the  transition  probability  Is 
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where  C Is  the  capacitance,  and  the  mean  square  value  of  the  current 
over  a range  d«  is  £l2(w)  JAvdur  Inserting  the  harmonic  oscillator 
matrix  elements,  (22)  becomes 
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where  n is  the  quantum  number  of  the  oscillator <> 

In  order  to  compare  the  transition  probability  induced  by  the 
current  generator  with  that  induced  by  the  resistance  we  Insert  the 
appropriate  matrix  elements  into  (16),  Making  use  of  (15)  and  (20) 
and  rearranging  terms,  (16)  becomes 

„ O [ . Jn+lJ+p + nl  . (2k) 

r C |^f?xp  (tltj/kT ) -1  J 

Comparison  of  (23)  and  (2fy)  shows  that  the  tx’ansition  probability 
will  be  the  same,  in  so  far  as  the  first  terra  of  (2^)  is  concerned,  if 
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Equation  (25)  is  the  Nyquist^  formula  in  the  equivalent  current 
representation,  modified  for  quantum  effects., 

There  is  still  the  last  term  of  (2i|).  It  is  apparent  that  the 
last  term  in  (24)  is  just  the  transition  probability  at  T ■ 0,  that  is, 
the  transition  probability  if  the  resistance  is  in  its  lowest  state 
and  the  quantum  number  of  the  circuit  is  n0  This  is  closely  analogous 
to  the  spontaneous  amission  which  atoms  undergo  even  if  the  radiation 
fields  are  in  their  lowest  states.  We  therefore  conclude  that  the 
transitions  required  by  (24)  will  be  produced  by  a noise  current 
generator  described  by  (25)  plus  spontaneous  emission,  that  is,  plus 
the  effect  of  the  absorber  in  its  lowest  state „ 

We  can  get  a more  formal  analogy  with  the  spontaneous  emission 
Induced  by  the  radiation  modes  in  atoms  if  we  imagine  the  second  term 
of  (24)  to  be  equivalent  to  that  of  a current  generator  which  can 
only  Induce  downward  transitions.  Comparing  the  second  terms  of  (23) 
and  (2^ ) we  see  that  the  equivalent  current  for  such  a generator  is 
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This  result  is  formally  analogous  to  that  obtained  in  the 

treatment  of  spontaneous  emission  of  radiation  by  Park  and  Epstein.^ 

Mean  Squared  Noise  Voltage  and  Available  Power 

We  can  calculate  the  result  of  precise  measurements  of  the  mean 

squared  noise  voltage  of  the  damped  oscillator  by  averaging  the 

2 

equilibrium  value  of  the  quantity^yE  *d^J  over  the  ensemble®  Prom 


5*  H.  Nyqulst,  Fhys.  Rev.  35*  HO  (1928). 

6.  D.  Park  and  H»  T.  Epstein,  Am.  J.  Physics  17,  301  (1949) 


(27) 


(11)  we  obtain 
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Carrying  out  the  summations  indicated  in  (27)  we  obtain 
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exp (liu/kT)  ~i  J 

where  Ao  is  the  classical  half -breadth.  The  fir3t  term  of  (28)  is 
■fiu/20  and  represents  noise  v/hi  c’n  would  be  observable  even  if  the 
oscillating  circuit  were  in  its  lowest  state.  It  represents  the 
fluctuations  of  the  vacuum  surrounding  the  circuit.  It  will  now  be 
shown  that  this  term  cannot  be  removed  by  making  formal  changes  in  the 
Hamiltonian  which  remove  the  zero-point  energy-.  The  proof  follows 
the  discussion  of  the  corresponding  problem8  in  the  quantum  theory  of 
the  fields  in  vacuum,  We  introduce  the  auxiliary  variables  3 and  B* 
defined  by 


P + Pj 


ienp  - p*) 


The  Hamiltonian  8 can  be  written 

H = u2  [p*p  + PP*]-  (29) 

The  corresoondence  with  the  classical  theory  is  equally  good  if  (29) 
is  written 


H a ?«2 B*B  « - ip2  + c02qP)  - i 
2 ? 


( 29A  ) 


7=  The  author  is  indebted  to  the  referee  for  suggesting  invest  1 gat  lor: 
this  point. 


6-.  Wo  Heitler  Quant  urn  Theory  of  kadiaticn  (Oxf'rd  University  lr 
I/.-r-d'.: . if  . ■)  . p 60  • 
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The  eigenvalues  of  the  Hamiltonian  (20 A)  do  not  have  the  zero-point 
energy,  but  the  eigenfunctions  of  this  Hamiltonian  are  the  same  as 
those  of  the  Hamiltonian  (B).  The  quantity 


/ E-  \M r-  \ - lUr  fPY\tr  At 


is  unchanged,  and  the  summation  (2?)  is  also  unchanged.  The  zero-point 
noise  contribution  is  seen  to  be  independent  of  the  choice  of  zero- 
point  energy.  It  is  in  fact  due  to  the  random  interaction  of  the 
apparatus  for  measuring  the  electromotive  force,  v/ith  the  circuit,  and 
is  related  to  the  uncertainty  principle.,  Equation  (28)  does  not  assert 
that  one  can  observe  the  zero-point  energy;  it  does  assert  that  one  can 
observe  the  zero-point  flue tuat ions „ 

Another  quantity  which  is  specified  in  the  classical  discussion 
of  resistance  noise  is  the  available  power.  To  calculate  the  power 
which  a resistance  would  transfer  to  another  resistance  within  a 
specified  frequency  range  we  consider  the  experimental  arrangement  of 
Pig.  1;.  Th'3  Hamiltonian  of  such  a system  is 


H - 1 (p2  + o>2q2)  + (p//c)  [Qj  + Op]. 


(30) 


v.’e  can  deduce  the  expression  for  the  rate  of  change  of  the  field 

energy  in  the  same  manner  as  (18)  is  obtained,  the  result  is 

dU  B (-fim)2  ~ 

dt 


I S,  I (n+1)  exp  - (tfw/kTi)  - nl 
2C  L 1 l 

+ S2^(n+1)  exp  - (fiw/kTp)  -nj  L 


(31) 


where 
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The  stationary  value  of  all/dt  is  obtained  for  a value  of  n which 
makes  (31)  zero0  In  terms  of  the  conductances  and  G^  this  is 


n 


< 


Si 


G' 


exp  (fiu/kTi ) - 1 exp  (llco  AT  -> ) 


-]/<R 


(G^  + G 2) 


(32) 


The  average  rate  at  which  G1  transfers  energy  to  the  system  is 
obtained  from  (18)  if  we  insert  the  stationary  value  of  n as  given  by 
(32) 0 The  result  is 


G^u  | 1 [ <*1 

“C  J^exp(daoATi)-l  ( eXp  (Wto^ ) -1 


G 


2 


exp  (fiuATj) 


(33) 


Equation  (33)  gives  us  the  net  power  transferred  to  the  system  by  G^. 
Equation  (33)  will  be  a maximum  if  Tp — and  Gp/G^ ^oo* 


Gyliu) 


max 


dfu>>(  &to)  y 


C £exp (ixwATi ) -lj  exp(-KuAT^)  -1 


(3b) 


where  = G^/c*  Equation  (34)  is  somewhat  different  from  the 

classical  value  because  we  have  chosen  to  specify  the  maximum  power  In 
a way  which  is  different  from  the  classical  one  but  more  precise  for 
our  purposes o 


Noise  Measurement  Experiments 

Callen  and  Welton  have  given  an  integral  for  the  noise  of  a pure 
resistance*  They  did  not  discuss  the  spectrum  of  the  noise,  and  their 
integral  contains  an  infinite  zero  point  contribution® 

We  mi#it  measure  the  power  spectrum  of  the  noise  by  employing  a 
filter  with  a flat  response  within  the  pass  band  and  infinite  rejection 
outside  of  the  pass  band*  For  simplicity  we  choose  instead  to  measure 
the  power  spectrum  in  the  vicinity  of  <a  by  connecting  an  LC  circuit 
of  natural  frequency  w to  the  resistance,  as  in  Pig,  2,  and  measuring 


:--Y 

the  expectation  ’.clue  of  the  square  of  the  electroriot ive  force*  The 
result  of  such  an  experiment  is  (-Jven  by  Kq , (?8).  Although  (2P)  was 

7T 

F’ig*  1|  <-  Electrical  oscillator  coupled  to  conductances  at  different 
temperatures. 

calculated  as  an  average  over  the  ensemble,  the  ergodic  theorem 
guarantees  that  the  same  result  will  be  obtained  if  repeated  measure- 
ments are  made  with  a single  resistance.  This  is  because  the  measure- 
ments do  not  affect  the  known  partial  specification  of  the  state  of 
the  system.  This  measurement  gives  the  noise  contribution  in  the 
vicinity  of  cjc  To  obtain  the  noise  over  all  frequencies  we  would  need 
an  infinite  number  of  circuits  of  the  kind  discussed  In  this  paper. 

The  resulting  zero-point  contribution  is  therefore  Infinite.  This  is 
believed  to  be  the  interpretation  of  Callen  and  belton's  result. 

All  resistances  have  physical  size,  and  there  will  always  be  a 
certain  amount  of  inductance  and  distributed  capacity,  he  would  always 
have  an  arrangement  somewhat  similar  to  that  of  Pig,  ? , In  making  the 
measurements  we  can  always  couple  to  either  a single  mode  or  at  most 
a finite  number  of  modes,  and  the  zero-point  noise  contribution  is 
.finite.. 

Equation  (34)  shows  that  the  maximum  power  which  a resistance  -ar 
transfer  to  a system  tends  to  zero  aw  low  temperatures,  while  according 
to  { PS;  the  mean  squared  value  of  the  electromotive  force  approaches 
the  limit  ‘fioi/PC . .Lawson^  suggested  noi3e  measurements  as  a method 
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for  measuring  temperature.  If  the  noise  measurement s are  made  by 
measuring  the  transitions  induced  by  the  resistance  (power  measurements) 
there  will  be  no  zero-point  contribution,  according  to  (34)*  On  the 
other  hand  if  we  measure  the  mean  squared  value  of  the  electromotive 
force  there  will  be  a zero-point  contribution  as  given  by  (23) 0 


Section  IT 


An  Electrical  Oscillator  Damped  by  Radiation  Resistance 


The  results  of  the  previous  section  may  be  extended  to  include 
the  radiation  resistance,  in  the  following  way,.  We  assume  that 
the  radiation  resistance  is  a series  element,  as  in  Figure  1„ 


T 


v..„.  /v\, — 

R 

For  the  hamiltonian  of  Figure  lv  we  have 


Figure  1 


H --  Jr  (/V-  -r  H„k  r Me  + ^ (ft  -%*.} 


(1) 


The  first  terms  of  1 are  the  hamiltonian  of  the  dissipationless 
oscillator o The  term  Hri>  Is  the  hamiltonian  of  the  unperturbed 
radiation  fields,  the  term  H*  represents  part  of  the  hamiltonian 
of  the  electrons  in  the  circuit  which  interact  with  the  radiation 
fields,  the  last  term  is  a summation  over  all  the  electrons  and 
represents  the  interaction  between  electrons  and  the  circuit  and 
radiation  fields.  is  t^e  electronic  mass,  ^ is  the  momentum, 

C.  is  the  charge  for  the  /\  th  electron.  A'  Is  the  magnetic 

r 

vector  potential  of  the  radiation  fields.  We  assume  that  no 
resistance  other  than  radiation  resistance  is  presents  The  same 
analysis  can  be  carried  through  If  other  resistance  i3  present  by 
employing  essentially  the  procedure  of  the  previous  sec?;!. 

v/e  consider  our  oscillator  to  be  weakly  damped,  and  employ 
first  order  perturbation  theory--  The  term  In  A*  ' in  (1)  can  then 
be  neglected.  The  hamiltonian  { 1 ) becomes 
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The 
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term  ~ has  been  included  in  the  term  H-  c This  is 


the  unperturbed  hamiltonian  of  the  electrons  which  interact  with 
the  radiation  fields*  The  last  term  in  (?)  will  always  be  a linear 
function  of  the  oscillator  current*  In  the  previous  section  we 
showed  that  the  magnetic  energy  is  -Jr u>\ ^ * The  magnetic  energy 

in  terms  of  the  inductance  T,  and  current  I is  L <>  Tho  last  term  of  2 

can  be  written, 


= iaf  - 

A -fL 


(3) 


A 

In  (3)p  F is  a function  of  the  geometry  of  the  system*  The  inter- 
action  term  in  (2)  will  cause  transitions  with  exchange  of  energy 
between  the  circuit  and  the  radiation  fields  through  the  coupling 
furnished  by  the  electrons*  The  transition  probability  can  be 
shown  to  be 


VI.*  ¥ 
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In  (4)  the  symbol  ^ {/V  j -i-'HujP  Indicates  the  matrix 

element  of  the  operator  corresponding  to  A'  between  the  quantum 
states  of  the  radiation  fields  with  eigenvalues  and  fjfo 


\Ef  I !&***>} 

of  the  circuit, 


has  the  corresponding  meaning  for  the  fields 
v’e  can  proceed  in  the  manner  of  chapter  II  to 


derive  a formula  for  the  field  energy  of  the  circuit  as  a function 
of  time*  We  assutae  that  Initially  the  circuit  Is  in  an  eigenstate 


but  that  only  the  temper at are  of  the  radiation  field  is  known,  he 

therefore  need  to  average  {4)  over  an  ensemble  of  similar  iystems. 

In  (1*)  f>(£F^rtiuj)  and  £>(EFr are  the  density  in 

energy  of  the  quantum  states  of  the  radiation  fields,  and  are 

functions  of  the  frequency  alone.  To  average  (I4. ) over  an  ensemble 

it  Is  only  necessary  to  average  the  squared  matrix  elements  of  the 

radiation  fields,  h'e  imagine  the  radiation  field  to  be  expanded 

squared 

in  normal  modes,  0 The  average  of  the^  matrix 

element  " is 
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(5) 


^Making  use  of  the  harmonic  oscillator  matrix  elements  fo; 
the  radiation  fields  and  noting  that  becomes 

0-  e'^J 
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Vie  average  the^matrlx  element  <£■*,  over  the  ensemble 

- 


to  obtain: 
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Expression  4 becomes 


U/  = * 


<£f|  e 
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If  we  insert  the  harmonic  oscillator  matrix  elements  into  7 we 


obtain 
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In  9 the  first  term  represents  the  effect  of  a downward 
transition  and  the  second  term  the  effect  of  an  upward  transition.: 
The  rate  of  change  of  the  field  energy  U , associated  with  ther 
circuit  is 

JUJ  j 
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h'e  can  employ  the  relation  U - o 

(9)  to  obtain 


(J  = 
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a ^ n* 
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(9) 

and  integrate 


r U e 
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(10) 


For  large  energy  (classical  limit)  the  second  term  is  the  only 
significant  one.  Comparing  (10)  with  the  v/ell  known  classical 
result  U ~ U v?  we  obtain  after  noting  that  P z. ~ — » 


R = 


_ n h n _ 
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'_q of  Radiation  R esistance  and  a Noise  Oenerator 

In  tho  preceding  we  showed  the  equivalence  of  a noJ  se 

current  generator  and  a conductance-  In  this  section  we  will  show 
the  equivalence  of  a noise  voltage  generator  and  a radiation 
resistance.,  V.’o  imagine  first  that  the  resistance  is.  removed  and 

replaced  by  a voltage 


Figure  ?t 
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generator.  , 

The  hemiitonian  of  the  system 
of  iig\:re  P is 


H-± (p**- ^ VA,/° VC  u j ; 


It  is  well  known  that  ar-  interaction  tern  of  the  form  of  the 
last  term  of  (13)  will  not  give  a transition  probability  pro ncrt Iona! 
to  tine.  To  obtain  transitions  eauivalent  tc  those  of  the  resist- 
ance v.e  need  a voltage  generator  with  a continuous  spectrum  in  the 
vicinity  of  w.  Under  these  conditions  the  transition  probability  is 

K J0  - *T_W  <egp - (E,,ip!C,-fiLu)  14, 

t.“  ■ ' 

I 

where  C is  the  capacitance  and  the  mean  square  value  of  the  vo  1 i •• 

age  over  a range  is  V(w)<$u/  Inserting  the  htir.cor.1  c.  oec  11'  » -rcr 

matrix  elements,  (13)  becomes 

t ; TT  V hj  / * 
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In  order  to  compare  the  transition  probability  induced  by  the 

voltage  generator  vith  that  induced  by  the  radiation  resistance 

we  employ  (11)  to  write  (8)  in  terms  of  the  resistance,,  ith  this 

£ , 

substitution  and  the  relation  u/  - — (8)  becomes 


VI t-  - RC<o*  im  -t- 


^ : -t-  n (l6) 
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Comparison  of  (l6)  and  (l£)  shows  that  the  transition  probability 
will  be  the  same  insofar  as  the  first  term  of  (l6)  is  concerned  if 


V“M  = 


7 5^  " 
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(17) 


Equation  (17)  is  the  Nyquist  formula  in  the  equivalent 

voltage  representation,  modified  for  quantum  effects.  There  is 

still  the  last  term  in  (16),  This  term  is  Just  the  transition 

probability  at  / - o that  is,  the  transition  probability  if  the  - 

the 

resistance  is  in  its  lowest  state  and  the  quantum  number  of/* circuit 
is  . re  conclude  that  for  the  radiation  resistance  the  trans- 
itions required  by  (16)  will  be  produced  by  a noise  voltage  generator 
described  by  (17)  plus  spontaneous  emission,  that  is,  plus  the 
effect  of  the  absorber  in  its  lowest  state® 

Again  we  can  imagine  the  second  terra  of  (16)  to  be  equivalent 
to  a voltage  generator  which  can  only  induce  downward  transitions, 
comparing  the  second  terms  of  (16)  and  (15)  we  see  that  the  equiva- 
lent voltage  for  such  a generator  is 


VY~)  - iWR 
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Mean  Squared  Noise  Voltage  and  Available  Power 


We  obtain  the  mean  squared  noise  voltage  by  averaging  the 


equilibrium  value  of 


Jem 


over  the  ensemble-.  The  result 


J 


is  the  same  and  is  obtained  in  the  same  way  as  in  the  previous 
section*  The  available  power  is  also  the  same  and  is  obtained  in 
the  same  way* 


Section  II 


Interaction  of  an  Electron  Stream  'Vith  an  Electric  Circuit 


In  the  previous  sections  we  have  shown  tnat  lor  a damped 
oscillator  the  results  of  precise  measurements  of  the  mean  squared 
electromotive  force  are  given  by 


(1) 


The  first  term  of  1 represents  the  effect  of  the  vacuum 
fluctuations  and  the  second  term  represents  the  effect  of  the  thermal 
fluctuations.,  One  way  to  observe  the  small  voltages  given  by  the 
first  term  of  1 is  to  allow  the  damped  oscillator  to  interact  with 
an  electron  stream  and  amplify  the  resultant  electron  3tream  noise 
with  a radio  receiver  - We  might  argue  that  the  first  term  of  1 
would  not  be  observable  because  it  represents  the  noise  of  the 
oscillator  in  its  lowest  state.  Since  the  oscillator  cannot  trans- 
fer energy  to  the  electron  stream  when  the  oscillator  is  in  its 
ground  state*  one  might  be  tempted  to  conclude  that  there  should  be 
no  zero  point  noise  con tri but ion.  However,  the  circuit  can  gain 
energy  from  the  electrons  even  when  it  is  in  its  lowest  state.  This 
transfer  of  energy  from  electrons  to  the  circuit  takes  place  in  a 
random  fashion  and  therefore  contributes  noise  to  the  electron  stream. 
Here  the  electron  stream  and  associated  equipment  constitute  the 
apparatus  for  measuring  the  electromotive  force  of  the  circuit.  The 
first  term  of  1 represents  the  effect  of  the  random  interaction  of 
the  measuring  apparatus  with  the  circuit. 


It  is  well  known  that  the  use  of  electrons^oes  not  in 
general  lead  to  precise  field  measurements e It  will,  however,  be 
shov/n  here  that  in  this  case  a measurement  of  V"  using  an  electron 
stream  does  lead  precisely  to  the  value  given  by  L 

Consider  an  electron  stream  which  interacts  with  a damped 
electrical  oscillatorc 
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Figure  1, 
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The  interaction  can  be  imagined  to  take  place  by  sending  the 
stream  of  electrons  near  the  condenser  plates  or  through  holes  in 
the  condenser  plateso  circuit  i3  assumed  to  be  in  thermal 

equilibrium  with  the  conductance  which  in  turn  is  maintained  at 
temperature  T.  If  the  damping  is  small,  the  effect  of  the  conducts- 
ance  Is  mainly  to  determine  the  average  electromagnetic  field 
energy  of  the  circuit,,  The  wavefunctions  of  the  quantized  fields 
of  the  circuit  will  not  be  significantly  different  from  those  of 
the  undamped  oscillator „ Under  these  conditions  we  can  employ  the 
following  hamiltonlan  to  discuss  the  interaction  between  an  electron 
and  the  fields  associated  with  the  circuit,. 


E 

£ay) 


(?) 


10.  ^7.  Keitler,  The  Quantum  Theory  of  Radiation  (Oxford  University 

Press,  19^4), p,  7O0 


The  variables  and  are  those  already  defined  for  the 
circuit  in  section  lc  P is  the  momentum  of  the  electron.  At  is 
the  magnetic  vector  potential . It  i3  unnecessary  to  include  terms 
in  (2)  representing  the  conductance  because  there  is  no  direct 
interaction  between  the  electron  and  the  conductance,. 

he  can  make  calculations  assuming  that  the  circuit  itself  is 
in  an  eigenstate  of  its  unperturbed  hamiltonian  before  the  inter- 
action begins,  then  for  the  period  of  the  interaction  we  have  for 
the  wavefunction  of  the  fields  associated  with  the  circuit 

U — C ' t initially  an=  1,  am  *•  0 (3) 
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we  define  hi  by 


H\ 


Mn  “ 
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(k) 


~ ^ |/\|E  ^ is  element  of  the  operator  corres- 

ponding to  the  vector  potential  A between  the  quantum  states  of 
the  field  with  quantum  numbers  K and  fs/  0 il is 

the  matrix  element  of  the  operator  corresponding  to  the  electron 
momentum  P between  the  tyro  states  of  the  electron  corresponding 
to  the  K and  N states  of  the  field. 

he  let  ^ Ecrt  | P J £<;a/  ^ (5) 


he  assume  that  the  energy  of  the  electron  is  sufficiently  large 
so  that  is  almost  the  same  as  the  momentum  of  the  unperturbed 

electron.  V,'e  again  assume  the  vector  potential  A to  be  a product 
of  a space  and  time  dependent  part,  fKr 


he  can  now 


write  (h ) in  the  form 


K*  = -Jk  P AM<e«k|E«r> 


It  can  be  shown  that 


Kwf. 
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".e  assume  that  the  Interaction  r;ap  is  Si  units  Ion (t»  Prom 


section  1 «e  have 


E - p A ffs  Q.V*’ & C (e.-Q  J 


The  total  interaction  time  will  be  denoted  by  £- 

IPI 

Makinp  use  of  (3}8  (9 Y»  anc  6f  «'7)  can  be  written 
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he  let  * O t where  © is  the  electron  ■ 

f'akinrt  use  of  the  matrix  elements  for  the  nan 'in 
field  v/e  obtain  for  (10) 
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repressions  11,  12,  and  13  state  that  the  exchange  of  energy  takes 
place  in  one  quantum  steps. 

Suppose  that  ',!  electrons  interact  with  the  circuit  and  that  a 
sufficiently  long  time  elapses  between  interactions  so  that  the 
circuit  can  return  to  a state  of  equilibrium  with  the  conductance;. 
This  will  be  the  case  if  the  current  in  the  electron  stream  is 
small.  Under  these  conditions  we  will  have  electrons 

lose  a quantum  and  electrons  gain  a quantum.  If  an 

electron  neither  gains  nor  loses  energy  we  can  say  that  the  electro- 
motive force  of  the  circuit  during  that  interaction  time  was  zero, 

Tf  an  electron  gains  or  loses  a quantum  we  can  say  that  the  electro- 
motive force  during  that  interaction  time  was  V = . The  measured 

mean  squared  noise  voltage  is 


If  we  consider  an  ensemble,  the  value  \/*"  must  be  the  ensemble 
average.  The  equilibrium  value  of  H from  section  1 is 
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Inserting  (1^)  into  (14)  we  obtain 
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If  the  transit  angle  0 is  small,  (l6)  becomes 
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’Ve  see  that  (17)  agrees  with  (1)  and  that  both  the  thermal 

and  the  vacuum  fluctuations  will  affect  the  electron  stream  noise » 
mean  square 

'Ve  see  that  theArandom  changes  in  velocity  of  the  electron  stream 
resulting  from  passage  through  the  gan  are  the  same  as  one  would 
calculate  classically  assuming  a mean  squared  gap  voltage  as  given 
by  (17) o 

Any  circuit  will  have  many  modes » Expression  (17)  gives  the 
mean  squared  voltage  for  the  mode  of  angular  frequency  w*  In 
general  the  higher  frequency  modes  will  not  contribute  to  the  noise 
because  the  electron  transit  angle  for  these  modes  will  be  large* 

Their  contribution  will  be  reduced  by  the  factor 

Accordingly  we  will  get,  in  the  usual  case,  the  contribution  of  the 

i 

t 

principal  mode  alone,  I 

i 

One  might  wonder  why  the  vacuum  (radiation)  fields  outside  of 
the  circuit  do  not  also  contribute  to  the  noise*  The  radiation 

i 

fields  do  not  contribute  because  a free  electron  cannot  radiate* 

I 

This  is  because  the  conditions  of  conservation  of  energy  and  3 

momentum  cannot  be  simultaneously  satisfied*  The  electron  can  ex- 
change energy  with  the  circuit  because  in  a sense  it  is  not  free, 
that  is,  1 t 3 momentum  is  not  precisely  known  while  it  is  between 
the  condenser  dates*  For  these  reasons  the  circuit  contributes 
noise  while  the  radiation  fields  outside  the  circuit  do  not  directly 
interact  with  the  electron* 
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Conclusion 

In  this  report  we  have  examined  some  of  the  consequences  of  the 
application  of  field  quantization  to  electrical  circuits.,  The  theory 
gives  the  familiar  classical  effects  and  includes  in  addition  the 
noise  and  quantum  effects,.  It  shows  clearly  the  role  of  noise  in 
damping.  The  zero-point  noise  contribution  which  appeared  first  in 
the  theory  of  Callen  and  V.’elton  Is  shown  to  represent  an  observable 
•effect,  independent  of  the  choice  of  zero-point  energy,.  Experiments 
at  low  temperatures  and  high  frequencies  offer  an  opportunity  to  study 
in  detail  the  quantum  effects  of  a single  mode  of  the  electromagnetic 
field-  VJhen  precise  noise  measurement  techniques  are  developed  It 
should  be  possible  to  observe  directly  the  vacuum  fluctuations  In  a 
- low  temperature  noise  experiment?  presumably  with  an  electron  stream 
as  discussed  in  Section  IIIo  In  a subsequent  report  the  heavily 
damped  oscillator  will  be  discus sedo  I wish  to  acknowledge  stimulating 
discussions  with  Dr.  Mo  Ho  Johnson* 


